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CHERRY FLOW: PHYSICAL MEASURES AND PERTURBATION 

THEORY 

JIAGANG YANG 


Abstract. In this article we consider Cherry flows on torus which have two 
singularities: a source and a saddle, and no periodic orbits. We show that every 
Cherry flow admits a unique physical measure, whose basin has full volume. 
This proves a conjecture given by R. Saghin and E. Vargas in m\- We also 
show that the perturbation of Cherry flow depends on the divergence at the 
saddle: when the divergence is negative, this flow admits a neighborhood, such 
that any flow in this neighborhood belongs to the following three cases: (a) 
has a saddle connection; (b) a Cherry flow; (c) a Morse-Smale flow whose non¬ 
wandering set consists two singularities and one periodic sink. In contrary, 
when the divergence is non-negative, this flow can be approximated by non- 
hyperbolic flow with arbitrarily larger number of periodic sinks. 
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1. Introduction 

In this article we consider Cherry flows on torus which have two singularities: 
a source and a saddle, and no periodic orbits and saddle connections. Such an 
example was given first by Cherry in [4] (see also m), and the classification of 
Cherry flows was treated in m- In this article we are interested in the physical 
measures and perturbation theory for Cherry flows. 

An invariant probability /r of a flow <() is a physical measure if its basin 

Blpb) = {cc G : lim - [ f{(l)s(x))ds = [ fdp for every continuous function /} 
t^+oo t Jo J 

has positive volume. 

We prove the following conjecture given by Saghin and Vargas ( [21]): 

Theorem A. Every C°° Cherry flow admits a unique physical measure, whose 
basin has full volume. 

Throughout the paper we consider a Cherry flow (j)^ on torus generated by 
a vector held X, with a source and a quasi-minimal attractor where A'’^- 
is called quasi-minimal if it is transitive, contains a saddle tr^, and has neither 
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periodic orbits nor saddle connections. We denote by the divergence at 

. It was observed by [muziiii] that the behavior of physical measures for 
Cherry flows depends on the divergence at the saddle. And the flows in general 
were assumed to be C°“, this is because the C°“ regularity implies that this flow is 
0i+bounded variation jingarizable at a neighborhood of (see [TS] [Appendix]). 

The existence of physical measures for C°“ Cherry flows with non-positive diver¬ 
gence at the saddle was proved in [2T| [Theorem l.lj. Theorem lAl is a corollary of 
the following result about the case of positive divergence at the saddle, where the 
regularity assumption on the flow is removed. 

Theorem B. Suppose (p^ is C^ and 'Dx{o'^) > 0. Then admits a non-trivial 
physical measure supported on , this measure is ergodic, non-hyperbolic, and 
whose basin has full volume. 

An ergodic measure is non-trivial means that it is not supported on critical ele¬ 
ments, i.e., on singularities or on periodic orbits. Theorem iBl generalizes the results 
of [211 [20] • Different to most of the dynamical systems with physical measures, 
where the physical measures in general are either hyperbolic (see mm or atomic 
(see 0 HD), the physical measures in Theorem [^ are non-hyperbolic and non¬ 
trivial. An interesting and important fact is that, the proof of Theorem iBl depends 
on the non-hyperbolicity of this measure. 

In [Ibl 117] , a different kind of Cherry flows was considered, where do is a sink. 
This sink supports automatically a physical measure, which is not the case we are 
interested. 

We also consider the perturbation of Cherry flow. It turns out that the pertur¬ 
bation depends also on the divergence at the singularity. For a flow Y sufficiently 
close to A, we denote by the analytic continuation of the hyperbolic saddle . 
A flow is called star flow if the critical elements of any C^ small perturbation are 
all hyperbolic. 

Theorem C. Suppose (p^ is C°° and Vxicr^) < 0. Then is a star flow. 
Moreover, there is a C^ neighborhood U of , such that every flow Y €U belongs 
to one of the following three cases: 

• has a saddle connection; 

• or is a Morse-Smale flow, whose non-wandering set consists two singulari¬ 
ties and one periodic sink, 

• or is still a Cherry flow, which admits a unique physical measure 5 „y with 

basin B{5„y) = \ d^. 

Theorem D. Suppose p^ is C^ and 'Dxi'y^) 0. Then p^ is C^ approximated 
by non-hyperbolic flows with arbitrarily large number of periodic sinks. 

The techniques of Liao in m is important for us to remove the regularity as¬ 
sumption on the flows, which is mainly used in the proof of Lemma 12.151 This 
author would like to thank Shaobo Gan for his explanation on Liao Theory. 

2. Preliminary 

2.1. Ergodic measures for Cherry flow. One can always take a circle Sq which 
does not bound a disk and is everywhere transverse to X e.g., see [15] [Proposition 
7.1]. The inverse of the Cherry flow p^ is a suspension of a continuous circle map 

: (So —^ iSo, where g^ is a monotone map and constant on an interval. Such circle 
maps were well studied in [ISIISIIZKISI- Note that g^ has no periodic point, which 
implies that g^ has irrational rotation number p{g^) and is semi-conjugate to the 
rotation Rpf^gX-^ : x ^ x + p{g^) mod 1. The semi-conjugacy is continuous, 
monotone, has degree one and maps orbits of g^ to orbits of Rp^gxy Because the 
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TTjjf pre-image of every point in the circle is either a singular point or a non-trivial 
connected interval, and by the fact that a circle contains at most countable many 
disjoint open intervals, there are at most countable many points have non-trivial 
TT^ pre-images. In particular, this set has vanishing Lebesgue measure. Then 
= (7r^)*vol|5i is well defined, and is the unique ergodic measure of . For 
every 0 G vSq, denote by Tx(d) the first return time of 9 for . It is well known 
that / Tx{9)dv^{9) < oo if and only if 


= 


! ie[o,Tx(0)) 




is an ergodic measure of . As a summary, we have that: 


Proposition 2.1. has three ergodic measures 5„x, S^x and if and only if 
f Tx{9)dv^{9) < oo. 


Theorem 2.2. [ |21j/rfe eorems 1.1, 1.2]] 

(a) Suppose is C°“ and 'Dx{o'^) < 0. Then S^x and S^x are the only two 

ergodic measures for p^. Consequently, d^jX is a physical measure with 
basin equal to \ . 

(b) Suppose p^ is and T>x{(r^) > 0. Then there exist exactly three ergodic 
measures for p^: 6^x, S^^x and a third invariant probability measure 
supported on the quasi-minimal set . 


2.2. Ergodic theory for flows. Throughout this subsection, we consider p'^ a 
flow over surface M which is generated by vector field Y , and it admits a non¬ 
trivial ergodic measure g. Denote by Sing(F) the set of singularities. 

The linear Poincare flow pt is defined as following. Denote the normal bundle 
of p^ over M by 

Am = U3,gM\Sing(Y)A’x, 

where Mx is the orthogonal complement of the flow direction Y(x), i.e., 

Mx = {v& TxM : uTr(a:)}. 


Denote the orthogonal projection of TxM to A4 by -Kx- Write the tangent flow 
by = dpY : TM —>• TM. Given v G Afx,x G A \ cr, ptiv) is the orthogonal 
projection of $t(u) on JP^Y{x) along the flow direction, i.e.. 


Mv) = 7r0V(^)($t(u)) = $t(u) 


< ^t{v),Y{pY{x)) > 

\\Yipnx)w 


YiPYix)), 


where < .,. > is the inner product on TxM given by the Riemannian metric. 


2.2.1. Oseledets Theorem for flows. The following is the flow version of Oseledets 
theorem. 


Proposition 2.3. There exists a real number X such that for g almost every x: 
lim - log ||V't(i')ll = ^ for every non-zero v G Afx \ {0}. 

t^dzoo t 


When the time to > 0 is fixed, 
measure of this diffeomorphism. 
then 




PY^ is a diffeomorphism and g is still an invariant 
Suppose g is an ergodic decomposition of g for 


T= d{pY )*/i. 

•tte[o,to) 

We may always choose to such that g is ergodic for pj^. Taking such a time to and 
denote / = pf^. Now let us state the following relation between Lyapunov exponent 
of g for PY and for /, whose proof is simple and we will not provide. 



4 


JIAGANG YANG 


Theorem 2.4. The Lyapunov exponents of p, for f coincide to {ioA}U{0}, and for 
p almost every x € M \ Sing(y), the flow direction <Y{x) > is contained in the 
subbundle of the Oseledets splitting of f corresponding to zero exponent. Moreover, 
we have lim ^ log det(-D/”(a;)) = toX. 

Remark 2.5. The above theorem implies that, for p almost every x, 

lim -det^ilTvM = X. 

t->oo t 

Definition 2.6. A non-trivial ergodic measure p for flow (jfi' is a hyperbolic measure 
if its exponent is non-vanishing. 

2.2.2. Divergence. We need the following version of Liouville Theorem. 

Lemma 2.7. For any x G M and t > 0, 

Indet = / divvif^ {x))ds. 

Jo 

The definition of divergence depends on the Riemmanian metric. Because in 
this paper we only consider two dimensional torus, for simplicity, in Appendix we 
provide a short proof of the above lemma with the assumption that M = and 
the divergence is defined by the flat metric on torus. More precisely, every small 
open set of can be looked as a subset of choosing such a local coordinate 
{x,y), in this coordinate we may write Y = (yi,y 2 ) and = {ft{x,y), gt{x,y)). 
Then for any a: € T^, the divergence ofY at x is defined by divvix) = 

Definition 2.8. Let Orb(p) be a periodic orbit of (jfi' with period ty{p): 

• the divergence of Orb(p) is defined by 

1 fTYiv) 

T>y(Orb(p)) = —— diwifiX {P))ds] 

xy{p) Jo 

• the divergence of p is defined by Vy^p) = J divY(x)dp(x). 

Remark 2.9. For an atomic measure 5cr supported on a singularity tr G Sing(y), 
coincides to the classical definition of divergence at cr, Vy{<j). And when 
p is supported on a periodic orbit Orb(p), the above two definitions coincide, and 
by Lemma [221 which equal to Indet ^ty{p)\tpM = In ||^/’Ty(p)| 7 Vp||■ 

As a corollary of Remark [23] and Lemma [2771 by Birkhoff Ergodic Theorem, we 
obtain that: 

Corollary 2.10. Dy{p) coincides to the Lyapunov exponent of p for the flow (jfi'. 

The following lemma implies [21] [Theorem 1.2]: 

Lemma 2.11. There exists an ergodic measure p of Y such that Dy{p) < 0. 

Proof. Suppose by contradiction that the divergence of every ergodic measure of 
is positive. Denote hy fiAy the space of invariant measures of (j?'. Then by 
Ergodic Decomposition Theorem, there is a > 0 such that Dy\my > 2a > 0. Take 
V a small neighborhood of XAy in the probability space over M, such that for any 
/ie V, 

J divY{x)dp{x) > a. 

Note that the measures contained in V are not necessary to be invariant. It is well 
known that for any x G M, there is > 0 such that j 5^Y(^j,^^ds G V for any 
t > tx. A short proof is following: Suppose this is false, then there are —>■ oo such 
that Pn = ^ /o" d^Y(^x)ds ^ V. Because the probability space over any compact 
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manifold is compact, we can take a converging point /xg of {/XnlngN- Then is an 
invariant measure but not contained in V, a contradiction. 

Let us continue the proof. For n > 0, denote by = {x]tx < n}. Because 
Urt = M, we can choose N sufficiently large, such that vol(Mjv) > 0. Observe 
that for any x G Mjv and n > N, 

f 1 /■" 1 /■" 

divY{y)d{- 6^Y(^^s^ds){y) = - divyid^Y(^^))ds > a. 

J n Jq n Jq 

Then by Lemma [2T7l 


det<i>„|T,„M = > exp" 


which implies that lim„ vol((/)^(Mjv)) = oo, a contradiction to the fact that the 
volume of M is bounded. 

□ 


2.2.3. Star flow. Now let us give a general criterion for a two-dimensional flow Y 
to be a star flow. 

Theorem 2.12. Suppose all the singularities ofY are hyperbolic, and all the ergodic 
measures of ffl' have negative divergence, then Y is a star flow. 

Example 2.13. 

Consider a 2-dimensional flow Yq on with a saddle cr of negative divergence, 
and each branch of the unstable manifold of a is connected to a branch of its stable 
manifold” locally this set looks like a figure ‘8’. Denote by F the set consisting of cr 
and its two saddle connections. It is easy to show that F is an attractor: for each 
branch of unstable manifold, we take a transverse section near to a and analyze the 
Poincare return maps, which are uniformly contracting. Taking a small contracting 
neighborhood U, 6a- is the unique invariant measure supported in U. Applying 
Theorem 12.121 Yq is a star flow in U. 

Proof of Theorem \2.1‘2[ Because all the singularities of Y are hyperbolic, (jfl' has 
only finitely many singularities. By the continuation of hyperbolic singularities, 
the singularities for flows in a small neighborhood are all hyperbolic. To prove this 
theorem, it suffices to show that the periodic orbits of nearby flows are all periodic 
sinks. 

Write jYly the space of invariant measures of (ffl'. By the assumption, for any 
ergodic measure p. G M.y, T)y{p) < 0. Then by Ergodic Decomposition Theorem, 
'^y{-)\my < 0- Because Ady is a compact space and I^y(.) is a continuous function, 
this implies that 'Dy{.)\my < a < 0 for some a < 0. 

For any vector field Z &U, suppose Ovhz{p) is a periodic orbit of Z. Denote 
MOrbz(p) the (f>^ ergodic measure supported on Orhz{p). Then by the upper semi¬ 
continuation of the invariant measures space, for Li sufficiently small, porhzip) is 
close to AAz in the weak star topology. From the definition of divergence for 
measures, 

Vz{Oihz(j>)) = 'Dz{pOrhz{p)) 

By Remark [2]9l Oihz{p) is a periodic sink. The proof is complete. 

□ 

As an immediately corollary of Theorem 12.21 (a) and Theorem 12.121 we show 
that: 

Lemma 2.14. Suppose (j)^ is a C°° Cherry flow and T>x{(Tx) < 0. Then it is a 
star flow. 
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We also need the following general description on ergodic measures for flows, 
whose proof depends on Liao Theory, and is postponed to Section [31 The main 
difficulty in the proof arises from the existence of singularities. A similar result for 
diffeomorphisms can be deduced by considering the corresponding suspension flows 
or using the version of Pesin Theory for diffeomorphisms in |25j . 

Lemma 2.15. Suppose fi is a non-trivial ergodic measure of a flow. Then fj, 
has at least one non-negative Lyapunov exponent. 

By considering again the inverse of the flow, we show that: 

Corollary 2.16. Every non-trivial ergodic measure of a two-dimensional flow is 
non-hyperbolic, i.e., the Lyapunov exponent and the divergence of this measure are 
both vanishing. 

2.3. Perturbation of flows. We need the following flow version of Franks Lemma 
of [2] [Theorem A.l] to modify the linear Poincare flow along a periodic orbit. Sim¬ 
ilar statement was obtained by Liao in [TT] [Proposition 3.4]. 

Theorem 2.17. Given a neighborhood U ofY, there is a neighborhood V dlA 
of Y and e > 0 such that for any Z G V, for any periodic orbit Orbz(p) of Z with 
period t{p) > 1, any neighborhood U of Oihz{p) and any partition of [0,Tz{p)]: 

0 = to < ti < ■ ■ ■ < ti = Tz{p), 1 < ti+i -ti<2,i = 0,l,...,l-l, 
and any linear isomorphisms Li : (p) —>■ A/’^z f = 0,1,..., Z — 1 satisfying 

II Ai - ^ exists Z gU such that V'f+i-i (p) = Ai and 

Z = Z on {M \U)U Orhzip). 

Remark 2.18. In fact, for any fixed fc € N, one can choose V smaller, such that for 
any Z G V, and pi,p 2 ,. ■. ,Pk periodic orbits of Z, we can perturb this flow in the 
above manner near to all the k periodic orbits simultaneously. 

We also need the Closing Lemma: 

Theorem 2.19. Suppose x G M is regular point of flow Y and uj(x) contains 
regular points. Then for any neighborhood lA of Y and any neighborhood U of 
uj{x), there is a flow Z G U such that Z = T|m\c/ and Z has a periodic orbit 
contained in U. 

A deep result of Liao [13] shows that the number of periodic sinks is uniformly 
bounded in a small neighborhood of a star flow. The following version of Liao’s 
result which can be obtained directly from the original proof, is the motivation of 
our Theorem |C| Since it will not be used in this article, we do not provide a proof. 

For a flow Y, denote by Sing]^(y) the set of hyperbolic singularities which are 
contained in non-trivial chain recurrent classes, and whose tangent bundle admits a 
codimension-1 dominated splitting where is a one-dimensional unstable 

bundle. Note that every tr G Singj(y) admits a one-dimensional strong unstable 
manifold. We also write S{Y) the number of periodic sinks of cjfl' and K(Y) = 
#(Singi(F)). 

Theorem 2.20. Suppose Y is a star flow. Then S(Y) is finite, and there is a 
neighborhood lA of Y, such that for any Z GlA, 

S{Z) < S{Y)+2K{Y). 

Moreover, the basin of every ‘new ’ periodic sink of Z intersects one branch of the 
one-dimensional strong unstable manifold of a singularity of Z which is the analytic 
continuation of a singularity a G Sing]^(F). 
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Example 2.21. Applying the above theorem on the star flow Yq in Example 12.131 
there is an open neighborhood lA of Ybi such that any flow Z &U has at most two 
periodic orbits/sinks, and a saddle connection is broken when one periodic sink 
appears. 


3. Proof of Lemma 12.151 

Throughout this section we suppose (j)^ is a flow generated by vector field Y over 
manifold /r is a non-trivial ergodic measure of (j?' with all Lyapunov exponents 
negative. We prove Lemma 12.151 by showing the contradiction. In fact, we make 
use of scaled linear Poincare flow in Liao Theory to guarantee that there are infinite 
number of distinct periodic sinks, and each basin contains a uniform size of ball, 
which is a contradiction. 

We need the following version of |25) [Theorem 5.1], where the ‘F bundle’ of the 
original statement is taken to be empty here. For completeness, we give a proof in 
Subsection ixn 

Theorem 3.1. There is a compact, positive fi measure subset K C supp(/i)\Sing(F) 
satisfying: for any £ > 0, there are L,L ,6 > 0 such that for any x and (j)^{x) € A 
with T > L and d(x,(j)^(x)) < 6, there exists a point p £ M and a strictly 
increasing function 9 : [0, T] ^ R such that: 

(a) 0(0) = 0 and 1 — e < 9' {t) < \ + s; 

(b) p is a periodic sink of (jf^ with period t{p) = 9{T); 

(c) di4d"{x),(j)Jf^^^{p)) <e\\Y{(l)l{x))\\,t€ [0,T]; 

(d) Orbv(p) has uniform size of stable manifold at p. 

Proof of Lemma [2. 1 51 Fix A, e,6,L,L >0 as in Theorem 13.II By Birkhoff Ergodic 
Theorem, there is x G A and L <ti <t 2 < ■ ■ ■ such that 

(i) (j)(. (x) G A for any i > 0 and (ff. (x) ^ x; 

(ii) L+i(l - £) > L(1 + e). 

Applying Theorem 13.11 each pseudo orbit is shadowed by a peri¬ 

odic sink Pi with period (1 — e)ti < rlppi) < (1 -|- e)ti. 

By (ii) above, all the periods are different, which implies that all these periodic 
sinks are distinct. By (d) of Theorem 13.11 each periodic sink Orb(pi) has uniform 
size of stable manifold at pi for every i, which is a contradiction. 

□ 


3.1. Proof of Theorem 13.11 . In this subsection, we provide a proof of Theo¬ 
rem O In the proof we need another flow : Mm Mm, which is called scaled 
linear Poincare flow: 




r(^)ii 

WYiM^rn 


'fptiv) 


ll‘^’t|<Y(a;)>ll ’ 


Lemma 3.2. ipp is a bounded cocycle on Mm in the following sense: for any r > 0, 
there is C,- > 0 such that for any t G [—t, r], 


m\<Cr 


Moreover, the two cocycles ipt and ip^ have the same Lyapunov exponent. 


Proof. The uniform boundness comes from the boundness of for t G [—r, r]. 

For fj, almost every x, we have lim '°s ll^tW(^))ll — q_ This implies that both ipt 
and tpp have the same Lyapunov exponents and Oseledets splitting. 


□ 
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3.1.1. Pesin block. 


Definition 3.3. The orbit arc 0 [o,t]( 2;) is called {X,To)*-quasi contracting with re¬ 
spect to the scaled linear Poincare flow ijj^ if there exists 0 < A < 1 and a partition 

0 = to < h < ■ ■ ■ < ti = T, where U+i -U e [Tq, 2To] 
such that for fc = 0,1,..., Z — 1, we have 

i^O 

Now we state a version of Pesin block. 

Lemma 3.4. There are L , r/, Tq > 0 and a positive p, measure subset A \ Sing(X), 
such that for any x,(j)^{x) G A with T > L , (j)^gj.^{x) is [r]^ To)*-quasi contracting 
with respect to the scaled linear Poincare flow . 

Proof. Taking 1 < to < 2 such that p, is an ergodic measure for f = cjff^. For 
simplicity, we assume to = 1- 

By subadditive ergodic theorem, there is a < 0 such that 

1 


lim 
t—¥00 t 


logllV’t IMti < a. 


Take Nq sufficiently large, such that ^ f log < a. Consider the ergodic 

decomposition of p for f^° = 

= -^(mi + ■ ■ ■ + Tko )- 
ko 

By changing the order, we suppose that: 

1 

ITo. 

Note that pi is an f^° ergodic measure. Applying Birkhoff ergodic theorem, for 
Pi almost every x, 

m —1 


logllV'AolMMi < a- 


logllV'Aok 
mNo J 


i=0 




< a. 


There is na, > 0 such that for any m > nx, 

m—1 

i°giiV’kk 


1 

mNo 


i=0 


/>«0(x) ' 


< a. 


Choose Ni such that the set A = {x;n{x) < A^i} has positive pi measure. Let 
A C A be a compact subset with positive pi measure. It follows immediately that 
/i(A) > 0. By Lemma Em let 

K= sup {MWyW}- 

\t\<No,yeA 

Choose N 2 sufficiently large and 6 < 0 such that 

N 2 -\- No 


No 


-a-^3K <b<0. 


We claim that for any sequence ni < n 2 ■ ■ • < ni satisfying N 2 < Ui+i — Ui < 
N 2 -\- No tor 0 < i < I — 1 and x G A: 

1 /-I 
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Let continue the proof. Choose L > 0 be sufficiently large, such that for any 
n > L , there always exists a sequence ni < n 2 ■ ■ ■ < ni satisfying N 2 < rii^i —ni< 
N 2 + Nq for each 0 < i < / — 1. Then by the above claim, we conclude the proof of 
this lemma. 

It remains to prove the claim. For each 0 < i < /, denote 

Then n* < rii < n^, n*_^_l — n^ = kiNo and 

V'rii+i-rai — V'rai+i-nf_^jAA ° V'fejNo IaT ° 

J / i (x) ^ 

Observe that rii+i — < Nq and — rii < Nq, which imply in particular that 

log IIC,+i-n. Wfn, (,) \\<2K + log HkiNo k 


< 3K + log W 


f ^ (^) 

'\m , 


n, I 1 —n- ' 

> + l < / Ux) 

Because rig = 0, we have that 

{l]l0g|IC+i-n.k«,(.)ll ^ -n'k„' 11+3^ 


''^+1 

■ 775 “ 


< 71] logikkk.^owli + 3 ^ 


< 


1=0 


q+1 


m 


ZK < 


N 2 + iVo 

A^n 


a + 3K < b 


□ 


3.1.2. Liao’s shadowing lemma for scaled linear Poincare flow. In this subsection 
we introduce the Liao’s shadowing lemma for scaled linear Poincare flow of m- 
The idea of the proof is explained: 

Theorem 3.5. Given a compact set An Sing(y) = 0, and rj > 0,To > 0, for any 
e > 0 there exist i5 > 0 and L > 0, such that for any (r],To)*-quasi contracting 
orbit arc 4 >Io,t] (x) with respect to the scaled linear Poincare flow which satisfies 
x,(j)^{x) G A and d{x,4>T{x)) < 5, there exists a point p G M and a strictly 
increasing function 0 : [0,r] —>■ K such that 

(a) 0(0) = 0 and 1 — e < O' (t) < 1 + e; 

(b) p is a periodic sink with t(j>) = 6{T); 

(c) d(f>l(x),</>lf^^^(p)) < e\\Y{4>Y{x))\\,t G [0,T]; 

(d) Orb(p) has uniform size of stable manifold at p. 

Proof. For simplicity, we assume M is an open set in , which implies that for 
every regular point x G M, A4 is a d — 1-dimensional hyperplane. For /3 > 0, we 
denote by Mx{P) the ball contained in Mx with radius fd. 

The first step is to translate the problem for flow into the shadowing lemma for 
a sequence of maps: by [B] [Lemmas 2.2, 2.3], there is fd depending on Tq such that 
the holonomy map induced by (jfl' is well defined between 

T^x,^f{x) '■ J^x{ld\\Y{x)\\) ^ [7o,2To], 

which is conjugate to the following map: 

K,^rix){a\\Y{x)\\) 

rkrk))ii ■ 


G) ■ ^^x ,<j>Y 
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The tangent map of V* .y/ n is uniformly continuous. 

X^(pt [X) 

Take the sequence of times 0 = to < ti < ■ ■ ■ < ti = T in the definition of quasi 
contracting orbit. We consider the local diffeomorphisms induced by the holonomy 
maps: 


% = V, 




for 1 < i < ^ — 1; 


and 71 : Mj,y Mx- Because d(x, (j)^(x)) is sufficiently small, the holonomy 

map 7/ is well defined. For each 1 < i < Z, we have 


TTAO) = ru_t^_M^Y 

Then, by the definition of quasi contracting, there is 0 < A < 1 such that for 
fc = 1,..., Z, we have 

k 

i=l 

Now we apply the version of Liao’s shadowing lemma on discrete quasi hyperbolic 
maps ([S] [Theorem 1.1]), see also [TUI HU HI] and the explanation below. On the 
cZ(x, ^|^(a::))-pseudo orbit {Oj,, O^v (j,),..., O^v there is L > 0 and a periodic 

point p € Afx for the maps {To, • • • , Ti-i}, whose orbit Ld{x, (a:))-shadows the 
pseudo orbit. 

Using the version of flow tubular theorem |5][Lemmas 2.2], one can prove (a), 
(b) and (c) above. Now let us focus on the proof of (d). We follow the proof of [5]. 
By Lemma 3.1 of [3, there is a sequence of positive numbers {ci}\^i called well 
adapted such that: 

(i) 93 = 0^=1 Cj < 1, /c = 1,..., Z - 1 and = 0^=1 = 1; 

(ii) denote Tj{a) = g~^Tj{gj-ia) for a € then 

r'^-wb,!! <A. 

It was shown in (p. 631) that the well adapted sequence is uniformly bounded 
from above and from zero, and the sequence of contracting maps {TjYj^i are Lip- 
schtez maps (with uniform Lipschtez constant). 

Denote by 

'i’k =Tk---oTi and ^ 1 , = fk---ofi. 

It is easy to see that 


(1) = gk'i'k and 

Observe that (Oa,, (a;), • • ■ , O^y ^ is still a d(x, (j)Y (a:))-pseudo orbit of se- 

quence of uniformly contracting diffeomorphisms By the standard shadow¬ 

ing lemma for hyperbolic diffeomorphisms (see [^ [Lemma 2.1]), there is L > 0 such 
that the pseudo orbit is Ld{x, (a;))-shadowed by periodic orbit {p,pi,... ,pi_i}, 
and this periodic orbit has uniform size of stable manifold. By (HJ, {gkPk}k=i is a 
pseudo orbit for the original sequence of maps {T/cljffio- Observe that gi = 1, which 
implies that po and po coincide and have the same stable manifold. Hence, po has 
uniform size of stable manifold. We conclude the proof of (d). 

□ 


3.1.3. Proof of Theorem \3.1\ It is easy to see that Theorem 13.II is a direct corollary 
of Lemma 13.41 and Theorem 13.51 
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4. Proof of Theorem m 

Proof of Theorem\^ : By Theorem 12.2r b'). admits two ergodic measures: 5„x 

and By Corollaries 12.161 and 12.101 is non-hyperbolic and Vxip^) = 0. 

For every x G M \ , its forward orbit converges to the quasi-minimal set. In 

particular, any accumulated point of j S^x can be written as aSo-x -|- (1 — 
for some 0 < a < 1. 

For 0 < 6 < 1, denote Kb = {a5„x -I- (1 — 6 < a < 1} and 

Fb = {a: G T^; there is ti —)• oo such that lim — / S^x(^^'^ds G K),}. 

^ ii Jo “ 

We claim that vol(Ff,) = 0 for every & > 0. It is easy to see that Theorem iBl follows 
from this claim immediately. Now let us prove this claim. 


Proof. Because Vx (cr^) > 0 and Vx = 0, there is c > 0 such that Vxlxh > 2c. 
Taking V a small neighborhood of Kb in the probability space of , such that for 
any measure p. € V which is possibly not invariant, we have / divxix)d^{x) > c. 
Denote by 


I 

Bb^ra = {x; there is G [n,n + I) such that — / S^x^^^'jds G V}. 

tx Jo “ 


Then for every x G Fb^n,, we have 


divx{y)d{— / 5^x^^)ds){y) = — div{(j)f {x))ds > c, 




JQ 


which implies by Lemma 12.71 that 

det |t,t 2 = exp‘" ■/'o" d^vx{ 4 >f{x))ds ^ 


Denote by C = max 2 .gir 2 ,tg[o,i){det Then for any x G Fb,„, 

det$„|T,,T2 > ^exp™, 

which implies that vol(rb,r!,) < Cexp”'^”. 

Because Fb C nnUi>n^6."> above argument shows that vol(Fb) = 0. The 
proof of the claim is complete. □ 

□ 


5. Proof of Theorems ICl and E] 

5.1. Perturbation of Cherry flow. Recall that iSq is a circle transverse to X. 
There is a neighborhood Wq of X such that for any flow Y G Uo, <So is still 
transverse to V. Moreover, the inverse of (j?' can be looked as a suspension of a 
continuous circle map , where is a monotone circle map which is constant on 
an interval . The intersection between a periodic orbit of (jf^ with So corresponds 
to a periodic orbit of g^. In contrary, a periodic orbit of g^ which does not intersect 
with corresponds to a periodic orbit of (jx^. Denote by Per(T) and Per((jf^) the 
set of periodic orbits for Y and respectively. A segment / = [p, g] C 5o is 
called a g^ -periodic segment if p, q both are periodic points of g^. The proof of the 
following lemma is the same as for homeomorphisms over circle. 

Lemma 5.1. Suppose g^ has a periodic point with period k. Then its rotation 
number p{g^) is rational, all the periodic points have the same period, and every 
periodic segment is fixed by {g^)^■ Moreover, for any 0 G So, oj{6) is a periodic 
orbit of g^. 
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Corollary 5.2. ^Per(y) > ^Per( 5 ^) — 1. More precisely, suppose Y contains n 
periodic sources, then it has at least n periodic orbits which are not periodic sources, 
and #Per(y) > 2n; in contrary, when Y contains n periodic sinks, then it has at 
least n — 1 periodic orbits which are not periodic sinks, and #Per(P) > 2n — 1. 

Proof. Observe that g^{I^) is a point, intersects at most one periodic orbit, 
and in this case, belongs to the stable set of this periodic orbit. Hence, the 
periodic orbit which intersects with is not a source for . 

When Y has n periodic sinks: Orbv(pi),..., OrbY(p„), suppose pi,... ,p„ G i^o. 
Then for every 1 < i < n, pi is an isolated source for . For each 1 < i < n, take 
qi the nearest periodic point of g^ to pi in the counterclockwise direction, then qi 
has a half neighborhood which is topologically contracting by g^. There are at 
least ffVeT{g^) — 1 distinct such periodic orbits of g^ which do not intersect 
these periodic orbits correspond to intersections of periodic orbits of Y with iSq. 
Therefore, there are at least n — 1 p^-periodic orbits of {Orb^v (gi),..., OrbgV (g„)} 
can be lifted to periodic orbits of Y which are not periodic sinks. As a conclusion, 
has at least 2n — 1 periodic orbits. 

When Y has n periodic sources: OrbY(pi),..., OrbY(Pn)) suppose pi,... ,p„ € 
So- Then for every 1 < i < n, p^ is an isolated sink for g^. We first consider the 
case that does not intersect a periodic orbit of p^. Taking qi the nearest periodic 
point of p^ to Pi in the counterclockwise direction, then qi has at least a half neigh¬ 
borhood which is expanding by p^. As observed above, {OrbgV (gi),..., Orb^v (gn)} 
can be lifted to periodic orbits of Y which are not periodic sources. Hence, Y has 
at least 2n periodic orbits. 

In the second case, we suppose po € is a periodic point of p^. We may further 
suppose that / \ po contains a segment in the counterclockwise direction, the proof 
of other case is similar. Taking qi i = 0,1,... ,n the nearest periodic point of p^ 
in the counterclockwise direction. Then each qi has at least a half neighborhood is 
expanding by (p^)*. There are at least n p^-periodic orbits of {go,..., gn} can be 
lift to periodic orbits of Y, which are not periodic sources. This implies that Y has 
at least 2n periodic orbits. 

The proof of this corollary is finished. □ 

5.2. Proof of Theorems [C] and [Dl 

Proof of Theorem\^-. Fix Uq the neighborhood of X given in subsection 15.11 By 
Lemma [2. 141 (ft is a star flow. There is a neighborhood hi Chlo oi X such that 
for any flow Y € hi, Y belongs to the following three cases: 

(a) has a saddle connection; 

(b) has no periodic orbits, 

(c) has periodic orbits, and all the periodic orbits are periodic sinks. 

From now on, we assume that Y has no saddle connection. 

Recall the general definition of Cherry flow in m- 

Definition 5.3. A flow on is called a Cherry flow if it has: 

(i) a finite number of singularities all of which are hyperbolic; 

(ii) no periodic orbits; 

(hi) no saddle-connections; 

(iv) sinks. 

When (f^ contains no periodic orbit, by the above definition of Cherry flow, Y 
is automatically a C^ Cherry flow. Denote by A^ the quasi-minimal attractor and 
the singularity contained in A^. By Proposition 12.11 A^ admits at most two 
ergodic measures. We claim that A^ admits a unique ergodic measure 5„y . 
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Proof. Suppose that admits another non-trivial ergodic measure ijX of (jf^. 
Because A'’*- only supports a unique invariant measure S^o of (j)^ with negative 
divergence, by the upper-semi continuation of the invariant measures spaces, we 
have that / divY{x)dfj.^ (x) < 0. This contradicts to Corollary 12.161 

□ 

The above claim implies that is a physical measure, whose basin coincides 
to \ (T^ where denotes the unique source of Y. 

Now suppose contains a periodic sink p. Let us show that Orby(p) is the 
unique periodic orbit of iff'. Suppose there is a different periodic sink Orby (q). By 
Corollarv l5.2l ff' has a periodic orbit which is not a periodic sink. This contradicts 
to the fact that every periodic orbit of ff' is a periodic sink. Hence, ff contains 
only one periodic sink. 

It remains to show that ff is a Morse-Smale flow. We are going to prove that 
every x € \ U U W^{a^)) belongs to the attracting basin of the periodic 

sink Orby(p). Suppose this is false, then there is x G \ {d^ U cr^ U W'^{a^)) 
such that uj{x) is not a critical element. Take a smaller neighborhood V of uj{x) 
such that V fl Orby(p) = 0. Then by Closing Lemma, there is another flow Z 
such that Zlv^ = Y and has a periodic orbit Ovhz{q) C V. Then rf^ has two 
periodic orbits, a contradiction to the above discussion that has at most one 
periodic orbit. The proof is complete. 

□ 

Proof of Theorem\^. We first prove that ft can be approximated by flows with 
arbitrarily large number of periodic sinks. Suppose by contradiction that there 
exist I > 0 and Id C Uq a neighborhood of X such that every flow Y G Id has at 
most I periodic sinks. We claim that Z > 1. 

Proof. Suppose by contradiction that 1 = 0. By Closing lemma, there is a flow Y 
arbitrarily close to X such that Y has at least one periodic orbit Orby(p) which 
is not a periodic sink. After a small perturbation at the singularity cr^, we may 
always assume that X>y(cr^) > 0. When I?y(Orby(p)) = 0, which means this 
periodic orbit is non-hyperbolic, we can apply the Franks Lemma ITheorem 12.1711 
to show that, there is flow Z arbitrarily close to Y such that Oihz{p) is a periodic 
sink. This contradicts our previous assumption. 

From now on, we assume that all the periodic orbits of Y are sources. By 
Corollarv l5.21 Y has at least another periodic orbit Orby((;) which is not a periodic 
source. This contradicts to the above assumption that all the periodic orbits of Y 
should be periodic sources. 

□ 

Take a flow Y which is arbitrarily close to X such that f^ contains I periodic 
sinks Orby(pi),..., Orby(pi). By Corollary 15.21 Y contains at least I — 1 periodic 
orbits which are not periodic sinks. Replacing by arbitrary small perturbation, we 
suppose the I — 1 periodic orbits Orby(gi),..., Orby(( 7 i_i) are all periodic sources. 
Because all the invariant measures of X have non-negative divergence, by the upper 
semi-continuation of the invariant measures space, there is e close to zero such that 
for any 1 < i < I, X>y(Orby(pi)) > —e. Applying Franks Lemma as observed in 
Remark l2.18l there is a flow Z which is close to Y such that 

• {Orhzipf'ji = 1,...,Z} are all periodic sources with divergence smaller 
than e, 

• Z = Y outside a small neighborhood of Ui=i^,,,^;Orby (pi). 

In particular, Z has 2Z — 1 periodic sources. By Corollary 15.21 Z has at least 
another 2Z — 1 periodic orbits Orbz(ai),..., 0rb2(a2i-i) which are not periodic 
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sources. Because {Orhz{pi)}\^i all have small divergence, using again the Franks 
Lemma, we obtain a flow Z such that 

Orb^(pi),..., Orb^(p/)), Orh^iai), Orb^(a 2 i-i) 

are all periodic sinks. Hence Z has at least M — 1>1 periodic sinks, a contradiction 
to the assumption that Z has at most I periodic sinks. This contradiction shows 
that X can be approached by a flow Y with arbitrarily large number of periodic 
sinks. 

For any I > 0, take Y sufficiently close to X such that Y has I periodic sinks 
{Orby(pi),..., Orby(p;)}. As explained above, all these periodic sinks have nega¬ 
tive divergence close to zero. Applying Franks Lemma on Orby(pi), there is a flow 
Z arbitrarily close to Y such that 

• Orhzipi) is not-hyperbolic, 

• Orhz{p 2 ), • ■ •, Oihzipi) are still periodic sinks of Z. 

The proof is complete. □ 


Appendix A. Proof of Lemma 12.71 
Proof of Lemma\2.T\ For s € [0,t], denote by Xs = (x). Because 


_d 

ds 


(lndet$s|T,M) 


7 ^(lndet - Indet $soIt«m) 

As —>-0 ZaS 


lim In det 
As-J-O As 


3.fAs I 3,9 A a I 

dx dx 

djAs I dgAs I 

dy dy 


d , , dfAs dgAs dpAs df^s x i 

dAs ^ dx dy dx dy '^^“'>0 

d I ( dfAsjxsQ) dgAsjxso) _ dgAsjxsQ) dfAsjxsQ) 

c/AsI ^^—Qx Qy Qx Qy 

det d)o|Ta,„^M 


) 


Note that 
d 


I f dfAsjXso) ^ ^ t d ^ ^ fv A 

^AglAs=o( ) gj ^^jAs=o{fAsiXso))) gj l( So))- 


Similarity, we have that 


d 


^ I . f d9AsiXso) ._ va / NN 

^aJAS- 0 ( g ) gj 2 ( So))> 


dAs 

d 


|As= 0 l 


^A^IAS-OI gy 

Because = ID, we have 


dy 

,dgAs{xs„) d 


dx 

dfAs{Xso)^_ d 


) = ^(^i(^«o)), 


) = ^(^2(a:.o)). 


dx 

df/^s{Xs„) 


dx 

dg/^s(xs„) 


= ID. 


As =0 


\ dy dy 

Combining the above argument, we show that 

d I ^ . dYi dY2 , . 

sl«o(lndet $s|t.m) = — + — = d^vy{xs.) 
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Hence, 


Indet $t|T„M 

The proof is complete. 


ds 


(Indet $s|T„M)ds 


divY{xs)ds. 


□ 
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